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Abstract-Plastic flow locaLzation may occur after significant void growth or immediately after
void nucleation. In the prest:nt work, a model is developed to investigate the role of nonuniform
particle distributions (e.g. random distribution, clusters) in plastic flow localization. A parameter is
developed to quantitatively determine whether localization is predominantly controlled by void­
nucleation or by void-growth. It is established that, for large clusters of particles, localization is
more likely to be initiated by void nucleation, while it is dominated by void growth for small clusters.
Both critical strain and stress void-nucleation criteria are investigated. It is observed that void­
nucleation governed by the critical stress criterion initiates plastic flow localization at a much lower
strain level than that governed by the critical strain criterion. © 1998 Elsevier Science Ltd. All
rights reserved.

I. INTRODUCTION

The ductile failure mechani:,m in most structural metals is the nucleation, growth, and
coalescence of microvoids that result from debonding or cracking of second-phase particles.
A nonuniform distribution of particles may accelerate this failure process by plastic flow
localization in the form of a separation or shear band at a much earlier time or much smaller
load, as compared with a uniform particle distribution. Once plastic flow localization occurs,
the material inside the band deforms significantly faster than that outside such that further
deformation is mainly limited to the band until overall ductility is terminated.

Needleman and Rice (1978) developed the localization criterion for a voided, dilating
material within the general framework of plastic flow localization (Rice, 1976). Yamamoto
(1978) and Saje et al. (1982) investigated an idealized nonuniform void distribution (an
infinite planar band with an excess of uniformly distributed voids sandwiched by two
uniform blocks of materials). It is observed that the overall ductility is very sensitive to the
excess of voids in the band; a 5% excess of void volume fraction in the band results in a
factor-of-two reduction of cuctility below that for the material with uniform void distri­
bution. However, Boucier et at. (1986) and Spitzig et al. (1988) observed in their iron
compact experiments that the local porosity at clusters of voids is 4--7 times the average
porosity, while the measured ductility could only be reproduced by taking the initial
porosity in Yamamoto's (1978) and Saje et al.'s (1982) infinite band solution to be 1.5-2
times the average porosity. Motivated by this inconsistency, Ohno and Hutchinson (1984)
studied a somewhat more realistic nonuniform void distribution, a circular disk-shaped
cluster of voids, and established that a small cluster of voids can be severely deleterious at
high stress triaxiality. However, at relatively low stress triaxiality such as uniaxial tension,
a large cluster of voids [e.g. Yamamoto's (1978) and Saje et al.'s (1982) infinite band] gives
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significantly loss in ductility as compared to a small cluster. Becker (1987) further carried
out a finite element analysis of nonuniform void distribution in accord with patterns
measured in a powen:d-iron compact. He verified that plastic flow localization occurs at a
much lower strain in the material with nonuniform void distribution. Similarly, Magnusen
et al. (1988, 1990) made similar observations from their perforated strip experiments.

For general nonuniform defect distributions, Huang and Hutchinson (1989) showed
that the nonlinear shear localization process is largely controlled by a most critical cluster of
defects. Defects outside this critical cluster has little or no contributions to plastic shear
localization, i.e. the difference between plastic shear localization strain for this critical
cluster of defects and that accounting for all defects in the nonuniform defect distribution
is rather small. A sirrple scheme to identify this critical cluster and to estimate the plastic
shear localization str('jn was established. Huang (1993) investigated the general plastic flow
localization in nonur.iform particle distribution under triaxial stress states. For over 250
randomly generated particles distributions, it was verified that the above conclusion on the
most critical cluster of defects still holds. Accordingly, the issues in nonuniform particle
distributions become (I) the identification of the most critical cluster, and (2) the estimation
of the corresponding plastic flow localization strain. The first issue is addressed in Huang
(1993), while the pre~.ent paper focuses on the second one.

For a nonuniform particle distribution, plastic flow localization may happen after
voids grow significantly and start to coalesce. It can also occur immediately after voids are
nucleated, i.e. triggered by void-nucleation. These two circumstances are called void-growth
controlled localization and void-nucleation controlled localization, respectively.

2. GENERAL DESCRIPTION OF THE MODEL

Figure 1 shows an example of a nonuniform particle distribution. The second phase
particles are uniformly distributed outside the band, as characterized by a constant particle
volume fraction fo. Inside the band there is a circular, disk-shaped cluster of particles,
representing a region of nonuniformity in an otherwise uniform material. This band is a
potential band for plastic flow localization. Its initial thickness, }., which enters the analysis
as a scale length, is typically on the order of particle spacing.

The nonunifoml particle distribution in the band is represented by the following
nonuniform particle volume fractionfp :

• 0,
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Fig. 1. Conventions.
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(1)

where r is the radius to the center of the cluster (Fig. 1), A. is the initial band thickness, sA.
represents the radius of the cluster,fo is the constant particle volume fraction far away from
the cluster (also outside the band), and A is the maximum excess in particle volume fraction
at the center of the cluster over the average particle volume fraction/o. The limit of A = 0
corresponds to an everywhere uniform particle distribution, while the limit of s = CX)

represents Yamamoto's (1978) and Saje et al.'s (1982) infinite band with uniform excess of
defects in the band. This representation of nonuniform particle distribution is similar to
Ohno and Hutchinson's (1984) for a cluster of voids.

The material has an elastic-power law stress-strain relation under uniaxial tension,

(J=Et if t~ay/E,

(J = ay(Et/ay)N if t> ay/E, (2)

where (j is the true stress, e is the logarithmic strain, E is the Young's modulus, ay is the
yield stress, and N is the pla:;tic hardening exponent (0 < N < 1). The material is subjected
to remote axisymmetric tension, a': = alf = pac:', where rand () are radial and cir­
cumferential directions witl:in the band, and the axial direction, z, is normal to the band
plane, p is the stress triaxiality ratio. The limits of p = 0 and 1 correspond to remote
uniaxial tension and hydrostatic tension, respectively. The orientation of plastic flow local­
ization band may be inclim:d to z-axis at low stress triaxialities such as uniaxial tension,
p = 0 (Rice, 1976; Yamamcto, 1978; Saje et al., 1982). However, at somewhat higher stress
triaxialities, it is anticipated that localization bands are perpendicular to the axis ofprincipal
strain. For simplicity, the lo~alization band is assumed to be normal to z axis in the present
study.

The remote strains are denoted by £': ,£0 = £': , and £c:' .As the remote loading increases,
deformations inside and outside the band are uniform until void nucleation first occurs
somewhere in the band due to excess of particles in the band. Once a void is nucleated from
a particle in the band, the load carried by the particle is shed to the matrix and nearby
particles, which causes further void nucleation from neighboring particles. The continuous
void nucleation and growth trigger material softening (Needleman, 1987; Hutchinson and
Tvergaard, 1989; Fleck et at., 1989) such that strains inside the band increase much more
rapidly than those outside. As pointed out by Needleman and Rice (1978), there exists a
critical remote axial strain, at which additional straining in the band can occur without
further increase in remote strains. This critical remote axial strain is the plastic flow
localization strain and represents the limit of material ductility.

Gurson (1975, 1977) developed the dilatational plasticity, in which voids are "smeared"
out and are represented by a continuum variable (local) void volume fraction, f Non­
uniformly distributed void:; are, therefore, characterized by a nonuniform void volume
fraction. A summary of Gurson model to account for void nucleation is given in the next
section.

3. GURSON MODEL

Based on a unit cell analysis, Gurson (1975) derived the dilatational plasticity incor­
porating void nucleation a, well as void growth. The rate of change of the void volume
fraction,j; is composed of contributions from nucleation of new voidsJn, and from growth
of nucleated voids, i g,

(3)

where the growth part i g is related to the overall plastic strain-rate elj by
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(4)

and the nucleation part can be represented by

(5)

where (j is the flow stress of the matrix material and O"m = O"kd3 is the mean stress. The
coefficient A charactenzes the dependence of void nucleation on plastic deformation, while
the coefficient B repres.ents the dependence on the mean stress.

There are two types of criteria for void nucleation [see the review article by Goods
and Brown (1979)]. Gurland (1972) suggested that the nucleation of voids is correlated
exclusively in terms of the equivalent plastic strain. This can be incorporated in eqn (5)
with a vanishing coefficient B, since the equivalent plastic strain is directly related to the
matrix flow stress (j via eqn (1). On the other hand, Argon et ai. (1975) and Argon and 1m
(1975) established that void nucleation depends only on the maximum stress transmitted
across the particle/matrix interface. This can also be incorporated in Gurson model with
coefficients B = A, because (j+O"m is an approximation to this maximum stress (Argon et
al., 1975).

On the basis ofG'lrland's (1972) data on spheroidized carbides in steel, Gurson (1975)
found that the coeffici~nt A in eqn (5) is proportional to the volume fraction of unbroken
carbide particles. Sinc~ void nucleation results from broken particles, the volume fraction
of broken particles can be simply estimated by the void volume fraction due to void
nucleation, i.e. S~jn dt, where the lower and upper limits of integration correspond to the
initial, undeformed and the current, deformed states, respectively. The local volume fraction
of unbroken particles is fp - S~jn dt, where fp is the particle volume fraction. Accordingly,
the coefficient A is giwn by

where h is the equivalent plastic hardening modulus of the matrix material,

1 de!' 1 [1 (ii)(l-N)/N ] . _
-=-=- - - -1 If 0"">-0"h dii E N O"y r y,

(6)

(7)

and the nondimensional coefficient 1/1 in eqn (6) scales the void nucleation rate. The
parameter 1/1 can be determined from a uniaxial tension experiment since 1/Ifp is the initial
slope in the plot of void volume fractionfvs the axial strain e. Such experimental curves of
fvs e can be obtained in the literature [e.g. Argon and 1m (1975); Argon et ai. (1975);
Fisher and Gurland (1981a, b); Le Roy et ai. (1981); Brownrigg et al. (1983); Boucier et
ai. (1986); Spitzig et ai. (1988) ; Walsh et ai. (1989)]. Typical values of 1/1 estimated from
Walsh et ai.'s (1989) t:xperiments are on the order of 1. The coefficient A reaches zero once
all particles have nucleated voids, and contribution to the rate of change of void volume
fraction from void nucleation vanishes thereafter.

In terms of the C'lrrent effective flow stress (j in the matrix, Gurson (1975) derived the
following yield condition for a voided material based on a unit cell analysis

(8)

where O"e = (30";p;)2) 1/2 is the effective stress and O";j is the stress deviator, qt = 3/2 following
Tvergaard's (1981, 1982) recommendation. This factor of 3/2 is identical to Huang's (1991)
modification of Rice and Tracey's (1969) void dilatation rate.
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The evolution of the ffiltrix flow stress 0" is determined by equating the overall plastic
work rate to the matrix plastic work rate per unit volume,

(9)

where the plastic strain-rates under continued plastic loading are obtained from the
normality of inelastic flow tD the yield surface,

(10)

where (Jkl is the spin-invaria.nt Jaumann stress-rate, the amplitude A is determined by the
yield surface consistency condition and depends on the effective stress a e, hydrostatic stress
akk, flow stress 0", void volume fraction! In conjunction with the elastic strain-rate

(11)

(v is Poisson's ratio), the constitutive equation can be inverted to give

(12)

where

with G = E/(2+2v) and K = E/(3-6v) being elastic shear and bulk moduli, bij being the
Kroneker b, and

h [(ae)2 a kk ] [(ae)2 akk ] 1- f G (ae)2H = -=- +a- -=- +a-_ -Aaf3 - -aaf3+ - - +KiXY· (14)
9(1-f) a a a a 3 3 a

It is observed that the incremental moduli do not have symmetry, L ijkl #- L klij , unless the
coefficient B is zero, corres'Jonding to the critical strain void-nucleation criterion.

4. PLASTIC FLOW LOCALIZAnON

The Gurson model (l975), incorporating both void nucleation and void growth as
summarized in the previous section, is used to characterize materials inside as well as
outside the band. This is not inappropriate because the Gurson model was derived from the
analysis ofa unit cell that contains a single void, which is consistent with the identification of
initial thickness of the band as the average particle spacing in the present study. This is
similar to Ohno and Hutchinson's (1984) analysis for nonuniform void distributions.

It is useful to cast the rate equations in terms of the updated nominal stress-rate fljj,

which is related to the Jaumann rate (Jij by

(15)

where the spin tensor aij and strain-rate Bij are related to displacement-rate Ui by
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(16)

The incremental equilibrium equation is

(17)

The deformation inside and outside the band is analyzed separately, and coupled
together through the continuity conditions at the band boundary. Follow Ohno and Hut­
chinson (1984), Huang and Hutchinson (1989), and Huang (1993), two approximations
are made to simplify the analysis without altering the characteristic nature of the problem.
First, stresses and strains in the band are averaged along the band thickness direction, and
are therefore independent of the axial coordinate z. The out-of-plane shear stress, (Jzr and
(Jze, and shear strains, Bzr and Bze, vanish due to anti-symmetry. The normal stress-rate n~z in
the band is the only non-zero traction-rate at the interface between materials inside and
outside the band, and it is related to non-zero strain-rates e~" e~e, and e~z in the band by eqn
(15) at each instant in the deformation history, i.e.

(18)

The first approximation is justified as long as the thickness of the band Ais small compared
to the in-plane dimension of the particle cluster, i.e. s » 1.

The deformation outside the band is analyzed separately. At each instant in the
deformation history, the material outside the band is subjected to remote nominal axial
and radial stress-rates, n:/, and n';:., and the normal stress-rate Ii~z at the band boundary,
where the remote nominal stress-rates are prescribed with a fixed stress triaxiality ratio,
p = a';:. /a:/,. The displacement-rate outside the band can be decomposed into that associated
with uniform stress-rates (n';:., n~) and that corresponding to a half-space subjected to a
distributed normal traction-rate, Ii~z -li:/" on the boundary of the half-space. Follow Ohno
and Hutchinson (1984), the second assumption is made that the spatial variations of
incremental moduli outside the band are neglected and the increment moduli are approxi­
mated by corresponding moduli associated with the remote field, i.e. LfAt. This assumption
is not unreasonable because particles are uniformly distributed outside the band such that
the spatial variations of incremental moduli are mainly limited to regions close to the cluster
of particles in the banei. It results in overly stiff material near the cluster where the higher
stress levels would induce relatively lower incremental moduli. However, based on their
agreement with Abeya.ratne and Triantafyllidis' (1981) study on plastic flow localization,
Ohno and Hutchinson (1984) pointed out that this type of approximation may not be too
significant. Therefore, the relation between nominal stress-rates and strain-rates, eqn (15),
becomes

(19)

for materials outside the band, where

From eqn (19), the uniform remote strain-rates are given by
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It is observed that eqn (19) is similar to stress-strain relation for an elastic, transversely
isotropic solid. Along the lines indicated by Elliott (1948, 1949), Huang (1990) found the
analogue of Boussinesq solution (a normal unit force on the boundary of a half-space) for
a material with a constitutive relation given by eqn (19). The Green's function, K,(x,Y,z)
for the displacement-rates is obtained for a unit normal force at the origin. Accordingly,
for uniform remote stress-rates (1'1;:;:',1'1':;) and li~z on the band boundary, the displacement­
rates outside the band can be expressed in terms of Green's functions as

(21)

where the integration is over the entire band boundary.
The analyses for material inside and outside the band are coupled together through

continuity of displacement-n,tes at the band boundary. This can be written as

u~ = e~r+ Hli~z(~, 1',) -li;~][KAx -~, Y-'7, 0) cos 0+ Ky(x - ~,Y-'7, 0) sin 0] d~ d'7,

(22)

and

Equation (23) states that the rate of thickness increase at any point in the band over the
corresponding rate at infinity must equal the additional separation-rate of the face of the
half-space. Using the relation between strain-rates and displacement-rates in eqn (16), one
finds the strain-rates s~r and e~8 in the band in terms of li~z - fI':;, while the other non-zero
strain-rate e~z in the band is given in terms of li~z -1'1':; in eqn (23). The substitution of strain­
rates into eqn (18) yields the following integral equation for the normal stress-rate li~Z'

[I - (X(L~zrr + (J~z)][li~z(r) -1'1':;] + (XI (L~zrr - L~z88)r-2I ([li~AO -li~] d(

- 2(X3L~zzzA-I exp( - 8~z) Ic<J [li~z(O -li';;]F('lr) d(

where function F and parameters (Xl and (X3 are given in the Appendix. At each instant in
the loading history, eqn (24) is solved numerically, and stresses, strains, void volume
fraction, and incremental mDduli are then updated.

Plastic flow localizatioll occurs when eqn (24) starts to have a non-trivial solution
for vanishing remote strain-rates (Rice, 1976; Needleman and Rice, 1978; Ohno and
Hutchinson, 1984). At this moment, additional straining in the band can occur without
further increase in the remote strain. This corresponding remote axial strain is the plastic
flow localization strain, 8L.
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5. RESULTS AND DISCUSSION

The present study focuses on two key variables, the plastic flow localization strain, eL>
and the contribution to void volume fraction from void nucleation at plastic flow local­
ization, as defined by

x= f/ndt/f (25)

If X« 1, the contribution from void nucleation to the void volume fraction is small such
that plastic flow localization is void-growth controlled. If X~ 1, void nucleation dominates
the contribution to the void volume fraction, and localization is triggered by void nucleation.

Results are presented for typical material parameters: plastic hardening exponent
N = 0.1, the ratio ofyield stress to Young's modulus (Jy/E = 0.0033, Poisson's ratio v = 0.3.
The particle volume fraction outside the band is taken as 1% (fo = 0.01), while the
coefficient ljJ characterizing the void nucleation rate in eqn (6) is ljJ = 3 estimated from
Walsh et al.'s (1989) (:xperiments.

The effect of stre,s triaxiality on plastic flow localization has been thoroughly studied
by Ohno and Hutchinson (1984). At high stress triaxiality levels (e.g. p = 0.5 or 0.65),
which are characteristic of situations where plastic flow occurs under highly constrained
conditions such as the tip of a plane strain crack, it has been established that a small cluster
can be as deleterious as the infinite band results. In the present study, the stress triaxiality
ratio is fixed at a relatively low level, p = 0.25, such that focus is on parameters charac­
terizing the nonuniform particle distributions (e.g. the normalized size s of the particle
cluster, the maximum excess fl. in particle volume fraction in the band). It is observed that
the stress triaxiality ratio p = 0.25 is not untypical of values at the necked down section of
a rounded tensile bar just prior to localization.

The plastic flow localization strain eL is shown versus the maximum excess in particle
volume fraction fl. in Fig. 2 for various sizes of particle clusters at p = 0.25. The critical­
strain void nucleation criterion is used [i.e. B = 0 in eqn (5)]. For a large cluster (s = 100),
the localization strain decreases rapidly as fl. increases, in agreement with the infinite band
calculation (Yamamoto, 1978; Saje et al., 1982). For a small cluster (s = 3), however, the
maximum excess in particle volume fraction has little or no effect on localization strain
because the localizatkm strain for s = 3 is insensitive to fl.. This difference results from the

2.5
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:,.5
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0.5

0.0

0.00

5=3

0.15 0.20

~

Fig. 2. The plastic flow localization strain. 6L, vs the maximum excess in particle volume fraction,
8, for smalJ (s = 3), medium (s = 20) and large (s = 100) clusters of particles at stress triaxiality

ratio p = 0.25.
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10 I)

11
Fig. 3. The contribution to void volume fraction from void nucleation, X, at the center of the cluster
when localization occurs vs the maximum excess in particle volume fraction, l1, for small (s = 3),

medium (s = 20) and large (s = 100) clusters of particles at stress triaxiality ratio p = 0.25.
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role of void nucleation for small and large particle clusters. As shown in Fig. 3, the
contribution to the void volume fraction from void nucleation, X, at the center of the cluster
when localization occurs is plotted versus the maximum excess d in particle volume fraction.
For a small cluster (s = J), X is only around 2%, corresponding to the void-growth
controlled plastic flow localization. For a large cluster (s = 100), however, X rapidly
approaches 1 as d increases, indicating that the plastic flow localization is triggered by void
nucleation.

The plastic flow localization strain BL is shown versus the maximum excess in particle
volume fraction d in Fig. 4 for both critical strain (B = 0) and critical stress (B = A) void

2.5

2.0

1.5

£t.

1.0

0.5

0.0
0.00 0.05 0.10 0.15 0.20

to
Fig. 4. The plastic flow localization strain, EL, vs the maximum excess in particle volume fraction,
l1, for the critical strain and critical stress void nucleation criteria, where normalized cluster size

s = 20, and stress triaxiality ratio p = 0.25.
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Fig. 5. The contribution to void volume fraction from void nucleation, X, at the center of the cluster
when localization occurs vs the maximum excess in particle volume fraction, 8, for the critical strain
and critical stress void nucleation criteria, where the normalized cluster size s = 20, and stress

triaxiality ratio p = 0.25.

nucleation criteria for a medium size particle cluster (s = 20) at stress triaxiality ratio
p = 0.25. The plastic flow localization occurs much earlier for the critical stress void
nucleation criterion since void nucleation tends to dominate the contribution to void volume
fraction. This is clearly observed in Fig. 5 where the contribution to the void volume
fraction from void nudeation, X, at the center of the cluster is plotted versus the maximum
excess Ll in particle volume fraction. While X remains less than 20% for the critical strain
void nucleation criterion, it is significantly larger and close to 100% for the critical stress
void nucleation criterion, especially for large excess in particle volume fraction.

6. CONCLUDING REMARKS

A model has been developed to investigate the role of random particle distributions
and particle clusters in plastic flow localization. The parameter X in eqn (25) is identified
to distinguish void-nucleation and void-growth controlled plastic flow localization. It is
established that locali2:ation is likely to be triggered by void nucleation for large clusters of
particles, and dominated by void growth for small clusters. Void nucleation governed by
the critical stress criterion will trigger plastic flow localization at a much lower strain level
than that governed by the critical strain criterion. For small particle clusters, localization
is insensitive to the m<3.ximum excess in local particle volume fraction.

Conclusions based on the model are tempered by the fact that this is an idealized
model. The band is a!isumed to be perpendicular to the direction of maximum principal
strain, though the localization band is more likely to be inclined to the axis of principal
strain at low stress triaxiality [e.g. Rice (1976); Needleman and Rice (1978); Yamamoto
(1978); Saje et al. (1982)), as observed in porous media (Needleman and Kushner, 1990),
in an aluminum sheet (Becker and Smelser, 1994), and in ductile fracture (Geltmacher et
aI., 1996). Therefore, the model may overestimate the plastic flow localization strain.
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APPENDIX

Details of the derivation for eqn (24) can be found in Huang (1990). The function Fin eqn (24) is given by

Parameters OCI and OC3 are given by

(AI)

and

-1m {[(I +k) (G- ~(J~)+ ~(I-k)(J~Jp1/2}
(A2)

(A3)

where G is the elastic shear modulus, Im( ) and ( ) stand for the imaginary and conjugate of a complex variable
( ), respectively, k and Ji. ae related by

k = Ji.L1lll -G-ti,

L II33 +G-ti l

with til = «(J~ -(J~)!2, and Ji. and p are roots of the following quadratic equation

where

(A4)

(A5)

(A6)


